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Abstract
A method to construct integrable deformations of Hamiltonian systems of ODEs endowed with
Lie–Poisson symmetries is proposed by considering Poisson–Lie groups as deformations of Lie–Poisson
(co)algebras. Moreover, the underlying Lie–Poisson symmetry of the initial system of ODEs is used
to construct integrable coupled systems, whose integrable deformations can be obtained through the
construction of the appropriate Poisson–Lie groups that deform the initial symmetry. The approach
is applied in order to construct integrable deformations of both uncoupled and coupled versions of
certain integrable types of Ro¨ssler and Lorenz systems. It is worth stressing that such deformations
are of non–polynomial type since they are obtained through an exponentiation process that gives
rise to the Poisson–Lie group from its infinitesimal Lie bialgebra structure. The full deformation
procedure is essentially algorithmic and can be computerized to a large extent.
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1 Introduction
The integrability problem for systems of first order ODEs is indeed a relevant issue in the theory of
dynamical systems (see, for instance, [1, 2, 3, 4, 5] and references therein), and the same question for
coupled systems of ODEs could be also meaningful from the viewpoint of applications (for instance,
regarding synchronization problems [6]). In this context, the aim of this paper is two fold: on one hand,
to present a novel approach to the explicit construction of Liouville–integrable coupled systems of ODEs
endowed with Lie–Poisson symmetries and, on the other hand, to show how integrable deformations of
the previous systems can be systematically obtained.
The construction here presented establishes a (to the best of our knowledge) novel connection between
Poisson–Lie groups and integrable deformations of dynamical systems. Such a link is based on the well-
known result by Drinfel’d that establishes the one-to-one correspondence between Poisson–Lie groups
and Lie bialgebras [7], as well as on the general construction of integrable Hamiltonian systems from
Poisson coalgebras that was introduced in [8, 9, 10], thus giving rise to the so-called “coalgebra symmetry
approach” to finite dimensional integrable systems (see [11, 12] for applications of this method to He´non–
Heiles and Lotka–Volterra systems, respectively, and [13] for the coalgebra–based construction of nonlinear
superposition rules arising in nonautonomous Lie–Hamilton systems [14]).
In particular, we will apply the formalism here introduced in order to obtain new integrable de-
formations of certain Lorenz [15] and Ro¨ssler [16] systems, as well as of some coupled versions of them.
Nevertheless, we stress that the method presented in the paper is completely general and could be applied
to any other interesting Hamiltonian systems of ODEs endowed with a Lie–Poisson symmetry.
The basics of the Poisson coalgebra approach to integrability will be summarized in the next Section.
In short, we will consider a finite–dimensional integrable Hamiltonian system of ODEs that is defined
through a Lie–Poisson algebra (F(g∗), {, }), where F(g∗) is the algebra of smooth functions on g∗ and the
Lie–Poisson bracket is {, }. A set of functions in involution will be given by a single Hamiltonian function
H ∈ F(g∗) and a number of Casimir functions Ck ∈ F(g∗), k = 1, . . . , r. Then, since Lie–Poisson algebras
are endowed with a (primitive or non–deformed) coalgebra structure, the coalgebra symmetry approach
will straightforwardly provide, by following [8], a coupled integrable generalization of the system. This
approach will be illustrated in section 3 through the explicit construction of an integrable coupled Ro¨ssler
system.
A detailed technical presentation of the construction of Poisson–Lie groups as deformations of Lie
bialgebras will be given in Section 4. If we denote by g the abstract Lie algebra associated with the Lie–
Poisson coalgebra (F(g∗), {, }), we will assume that we are able to find a cocommutator map δ compatible
with g, so that (g, δ) defines a Lie bialgebra structure [17, 18]. Then, it is well–known that the dual of
the cocommutator δ will define a second Lie algebra structure (that we will denote by d), and the dual
of the structure tensor for g will provide a compatible cocommutator map γ for d, in such a way that
(d, γ) is just the dual Lie bialgebra to (g, δ). Once a given δ∗ ' d is identified, the (connected component
containing the identity) of the Lie group D with Lie algebra d can be constructed by exponentiation,
and the unique Poisson–Lie structure having g∗ as its linearization at the identity can be computed,
thus providing the deformed Poisson structure {, }η we were looking for. Simultaneously, the group law
for D will give us the explicit deformed coproduct map ∆η on the algebra of smooth functions F(D).
Moreover, the deformation nature of this construction arises in a more transparent way if we consider
the one-parametric cocommutator γη = η γ, since the parameter η will give us information concerning
the orders in the deformation process that arises from the ‘exponentiation’ of the tangent Lie bialgebra
structure. It is worth to be stressed that the procedure that we have just sketched is algorithmic and can
be made fully explicit by making use of symbolic computation packages.
Therefore, as a Poisson coalgebra, (F(D), {, }η,∆η) can be interpreted as a smooth η–deformation
of (F(g∗), {, },∆) on which the initial dynamical system with Hamiltonian function H is defined. As a
consequence, if we consider the same Hamiltonian function H on (F(D), {, }η,∆η), then the associated
dynamical system is just an integrable η–deformation of the initial system of ODEs. Moreover, the
coalgebra symmetry approach [8] guarantees that the set of involutive functions for the deformed system
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will be given by the deformed coproducts of the Hamiltonian H and of the deformed Casimir functions
Cηk for the Poisson structure {, }η, with k = 1, . . . , r.
Sections 5 and 6 are devoted to use this Poisson-deformation approach in order to obtain integrable
deformations of two coupled Ro¨ssler and Lorenz systems, respectively. It is worth stressing that, as a
result of the exponentiation process that underlies the full construction, such integrable deformations of
dynamical systems are provided by non–polynomial vector fields, which is a non–standard finding from
the viewpoint of integrability. Also, the underlying Poisson–Lie groups are responsible of the fact that
the coupling between the systems is quite involved, since such coupling is generated by their non–abelian
group law. A final Section including some remarks and open problems closes the paper.
2 Lie–Poisson coalgebras
Let g be a finite dimensional Lie algebra. As it is well known, the associated Lie–Poisson algebra F(g∗)
is the algebra of C∞ functions on g∗, equipped with the Poisson bracket
{f, g}(x) = 〈[df, dg], x〉, x ∈ g∗, f, g ∈ F(g∗), (1)
where 〈, 〉 is the non-degenerate pairing between g and g∗. Let us assume that g is generated by the set
{Xi}dim(g)i=1 , with commutation relations
[Xi, Xj ] = c
k
ij Xk, (2)
and let us denote with {xi}dim(g)i=1 the corresponding dual basis in g∗
〈xi, Xj〉 = δij , i, j = 1, . . . ,dim(g). (3)
Then the Lie–Poisson bracket (1) for the coordinate functions on g∗ is given by the fundamental Poisson
brackets
{xi, xj} = ckij xk. (4)
Now, by defining the following coproduct map ∆ : F(g∗)→ F(g∗)⊗F(g∗) for the coordinate functions
∆(xi) = xi ⊗ 1 + 1⊗ xi, (5)
we can say that (F(g∗), {, },∆) is endowed with a Poisson coalgebra structure [8], since the coassociativity
condition
(∆⊗ id) ◦∆ = (id⊗∆) ◦∆, (6)
is fulfilled, and the coproduct map ∆ can be straightforwardly shown to define a Poisson map between
F(g∗) and F(g∗)⊗F(g∗), namely
∆({f, g}) = {∆(f),∆(g)}, ∀f, g ∈ F(g∗), (7)
with respect to the Poisson structure on F(g∗)⊗F(g∗) induced from (4).
The coalgebra approach to integrability is based on the fact that if we start from a Liouville integrable
system defined on F(g∗), we can use the coproduct map (5) in order to extend it to an integrable system
defined on [F(g∗)]N := F(g∗)⊗ . . .N ⊗F(g∗), with N being an arbitrary number of copies of F(g∗). The
keystone for this result is given by the k-th coproduct maps, which are defined recursively as
∆(k) ≡ (∆⊗ id) ◦∆(k−1), k = 3, . . . , N, ∆(2) ≡ ∆, (8)
and, by construction, satisfy the Poisson homorphism property (9)
∆(k)({f, g}) = {∆(k)(f),∆(k)(g)}, ∀f, g ∈ F(g∗). (9)
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The simplest possible case in this framework occurs when the integrable system on F(g∗) is defined
by a single Hamiltonian function H and an arbitrary number of Casimir functions Ck, k = 1, . . . , r. In
this case all the involutive functions defining an integrable system on [F(g∗)]N are obtained as images
of the Hamiltonian and Casimir functions under the ∆(k) maps (k = 2, . . . , N). In this paper we will
consider only this case, but we recall that this approach can be generalized for Poisson algebras in which
integrability involves either more than a single Hamiltonian or even non-coassociative Poisson maps
(see [19, 20, 21]).
3 Integrable Ro¨ssler systems
In order to illustrate this integrability approach, let us consider the specific Lie–Poisson algebra that
underlies the integrability of a dynamical system of Ro¨ssler type. We recall that the so–called Ro¨ssler
system
x˙ = −y − z,
y˙ = x+ ay,
z˙ = xz + b− cz,
(10)
was introduced in [16] as a prototype of 3D system of ODEs exhibiting the phenomenon of continuous
chaos. When a = b = c = 0, the system (10) is known to be integrable in the Liouville sense [22, 23, 24, 25],
and gives rise to
x˙ = −y − z,
y˙ = x,
z˙ = x z.
(11)
In particular, this system is known to be Hamiltonian [25] with respect to the Poisson bracket
{x, y} = −1, {x, z} = −z, {y, z} = 0, (12)
provided that we consider the Hamiltonian function
H = 1
2
(x2 + y2) + z. (13)
The bracket (12) can be thought of as a particular case of the Lie–Poisson bracket
{x, y}0 = −w, {x, z}0 = −z, {y, z}0 = 0, {w, ·}0 = 0, (14)
where we have introduced a fourth “central” Poisson algebra generator w. It is immediate to show that
this is just the Lie–Poisson algebra corresponding to the 4D real solvable Lie algebra g ≡ A4,3 (here we
follow the classification of four–dimensional real Lie algebras given in [26]). The Casimir functions for
(14) are given by
W = w, C = z e− yw . (15)
Indeed, if the Hamiltonian of the system is again given by (13), the Ro¨ssler system (11) is recovered when
W = w = 1.
3.1 Coupled Ro¨ssler systems from Lie–Poisson coalgebras
The Lie–Poisson coalgebra (F(g∗), {, }0,∆) is defined through the primitive coproduct map
∆(x) = x⊗ 1 + 1⊗ x = x1 + x2,
∆(y) = y ⊗ 1 + 1⊗ y = y1 + y2, (16)
∆(z) = z ⊗ 1 + 1⊗ z = z1 + z2,
∆(w) = w ⊗ 1 + 1⊗ w = w1 + w2,
4
where in the second equality we have identified the coordinate functions on each copy of F(g∗) through
a different subscript. Now, by using the standard Poisson coalgebra structure (14)–(16), we are able to
define integrable coupled generalizations of the Ro¨ssler system (examples of nonintegrable couplings can
be found in [27, 28]). Explicitly, if we consider the coproduct of the Hamiltonian (13), we get
∆(H) = 1
2
(
[∆(x)]2 + [∆(y)]2
)
+ ∆(z) =
1
2
(x21 + y
2
1) + z1 +
1
2
(x22 + y
2
2) + z2 + x1x2 + y1y2, (17)
and the corresponding 6D equations of motion lead to a coupled Ro¨ssler system
x˙1 = −w1(y1 + y2)− z1,
y˙1 = w1(x1 + x2),
z˙1 = z1(x1 + x2),
x˙2 = −w2(y1 + y2)− z2,
y˙2 = w2(x1 + x2),
z˙2 = z2(x1 + x2),
(18)
together with w˙1 = w˙2 = 0. Notice that the coupling between both systems comes from the non–linear
terms of the Hamiltonian (13), and the restriction of the dynamics to the submanifold x2 = y2 = z2 =
w2 = 0, w1 = 1 (or, alternatively, to x1 = y1 = z1 = w1 = 0, w2 = 1) leads us to the uncoupled Ro¨ssler
system (11).
The 6D Hamiltonian system (18) is integrable since, due to the underlying coalgebra symmetry, we
have three additional (besides the Hamiltonian) independent integrals of the motion that are in involution.
Two of them are given by the (nontrivial) Casimir functions on each of the copies of the Lie–Poisson
algebra, namely
C1 = z1 e−
y1
w1 , C2 = z2 e−
y2
w2 , (19)
and the the third one is just the coproduct of the Casimir C, which reads
∆(C) = ∆(z) e− ∆(y)∆(w) = (z1 + z2) e−
(y1+y2)
(w1+w2) . (20)
The N–dimensional generalization of this result is straightforward by considering the N -th coproduct
map ∆(N) of the Hamiltonian and of the Casimir functions, that is obtained as the pull-back through
the N -th coproduct of the coordinate functions [8]
∆(N)(x) = x⊗ 1⊗ 1⊗ . . .N−1) ⊗ 1
+1⊗ x⊗ 1⊗ . . .N−2) ⊗ 1 + . . .
+1⊗ 1⊗ . . .N−1) ⊗ 1⊗ x, (21)
(and the same for y and z). Explicitly,
H(N) := ∆(N)(H) = 1
2
(
[∆(N)(x)]2 + [∆(N)(y)]2
)
+∆(N)(z) =
1
2
(
N∑
i=1
xi
)2
+
1
2
(
N∑
i=1
yi
)2
+
N∑
i=1
zi, (22)
and the N -coupled Ro¨ssler system reads
x˙i = −wi
(∑N
j=1 yj
)
− zi,
y˙i = wi
(∑N
j=1 xj
)
, i = 1, . . . , N
z˙i = zi
(∑N
j=1 xj
)
.
(23)
This system of 3N coupled ODEs has the following (2N − 1) integrals of the motion:
Ci = zi e−
yi
wi , i = 1, . . . , N (24)
C(k) := ∆(k)(C) = ∆(k)(z) e−
∆(k)(y)
∆(k)(w) =
(
k∑
i=1
zi
)
e
− (
∑k
i=1 yi)
(∑ki=1 wi) , k = 2, . . . , N. (25)
By construction, all these functions are in involution and Poisson-commute with the Hamiltonian H(N).
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4 Lie bialgebras and Poisson–Lie groups
The aim of this paper is to construct integrable deformations of coalgebra symmetric systems of the
type (23) for any number N = 1, 2, . . . of coupled constituents. As we will show in the sequel, this can be
achieved by considering the Lie–Poisson algebra g∗ as the linearization of a Poisson–Lie group structure
on a certain different Lie group D. In his way, the construction of the corresponding full Poisson–Lie
group structure (F(D), {, }η,∆η) will provide a Poisson coalgebra η–deformation of (F(g∗), {, }0,∆), and
the application of the coalgebra approach to a Hamiltonian defined on the Poisson–Lie group D will
automatically provide an integrable η–deformation of the initial system defined on F(g∗).
4.1 Lie bialgebras
Given a Lie algebra g with basis {Xi}dim(g)i=1 and Lie bracket
[Xi, Xj ] = c
k
ij Xk, (26)
a Lie bialgebra structure (g, δ) is given by a skew-symmetric cocommutator map δ : g → g ⊗ g
δ(Xk) = f
ij
k Xi ∧Xj , (27)
such that
• i) δ is a 1-cocycle, i.e.,
δ([X,Y ]) = [δ(X), Y ⊗ 1 + 1⊗ Y ] + [X ⊗ 1 + 1⊗X, δ(Y )], ∀X,Y ∈ g. (28)
• ii) The dual map δ∗ : g ⊗ g → g is a Lie bracket.
Therefore, the dual δ∗ of the cocommutator map defines a second (in general, different) Lie algebra
structure, that we will call d, and whose Lie brackets are
[xˆi, xˆj ] = f ijk xˆ
k. (29)
Here the duality relation is established through the canonical pairing 〈xˆj , Xk〉 = δjk. Note that, given
the initial Lie algebra g, the dual Lie algebra d has to fulfill the 1-cocycle condition, which implies the
following compatibility equations between the two Lie algebras g and d:
fabk c
k
ij = f
ak
i c
b
kj + f
kb
i c
a
kj + f
ak
j c
b
ik + f
kb
j c
a
ik. (30)
By taking the components of the structure tensor c as initial data, the solutions to the (now linear)
equations (30) together with the (quadratic) equations coming from the Jacobi identity for f provide
all possible Lie bialgebra structures for g. Finally, if the solutions for the tensor f ijk are classified into
equivalence classes under the action of all possible automorphisms for g, the classification of all possible
Lie bialgebra structures of g is obtained.
Two remarks are in order:
• It is immediate to prove that if (g, δ) is a Lie bialgebra with structure tensors (c, f), then (d, γ)
with γ : d→ d⊗ d being the cocommutator map
γ(xˆk) = ckij xˆ
i ∧ xˆj , (31)
defines a Lie bialgebra structure on d with structure tensors (f, c), that is called the dual Lie
bialgebra to (g, δ). In other words, d and δ are defined through the same structure tensor f , and
we can say that δ∗ ≡ d. In the same manner, g and γ are defined by the same structure tensor c
and we can say that γ∗ ≡ g.
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• For our purposes it will be convenient to multiply all the components f ijk of the cocommutator
map by a real parameter η, that will play the role of a deformation parameter. The resulting
cocommutator will be denoted by δη, and the dual Lie algebra structure dη will be
[xˆi, xˆj ] = ηf ijk xˆ
k. (32)
Obviously, d is just dη=1 and these two Lie algebras are isomorphic under the change of basis
xˆi → η xˆi. Nevertheless, as we will see in the sequel, the explicit appearance of η will allow us to
control the full deformation/exponentiation procedure.
4.2 Poisson–Lie groups and Drinfel’d theorem
A Poisson–Lie (PL) group is a Lie group D endowed with a Poisson structure on the algebra C∞(D) of
functions on the group manifold, such that the Lie group multiplication is a Poisson map. Therefore, by
defining the coproduct ∆(f) as the pull back of a function f ∈ C∞(D) by the group multiplication, we
obtain a natural structure of Poisson coalgebra on the algebra of smooth functions on the Poisson–Lie
group F(D). In algebraic terms, if D is a Lie group, the group multiplication on D induces a coproduct
map
∆ : C∞(D)→ C∞(D)⊗ C∞(D), (33)
which is coassociative (since the group law is associative). Therefore, PL groups are instances of Poisson
coalgebras, since the coproduct map is -by definition- a Poisson algebra homomorphism:
{∆(a),∆(b)} = ∆({a, b}) ∀ a, b ∈ C∞(D), (34)
where
{a⊗ b, c⊗ d} = {a, c} ⊗ bd+ ac⊗ {b, d}, (35)
is the natural Poisson structure on C∞(D)⊗ C∞(D).
Now, the relevance of Lie bialgebras arises due to their one-to-one correspondence with Poisson–Lie
groups, a result that can be explicitly stated as follows.
Theorem [7]. Let D be a Lie group with Lie algebra d:
a) If (D, {, }) is a Poisson–Lie group, then d has a natural Lie bialgebra structure (d, γ), called the tangent
Lie bialgebra of (D, {, }).
b) Conversely, if D is connected and simply connected, every Lie bialgebra structure (d, γ) is the tangent
Lie bialgebra of a unique Poisson structure on D which makes D into a Poisson–Lie group.
Explicitly, if (D, {, }) is a PL group, the canonical Lie algebra structure on d∗ is given by
[ξ1, ξ2]d∗ := (d{f1, f2})e = γ∗(ξ1 ⊗ ξ2), ξ1, ξ2 ∈ d∗ (36)
where f1, f2 ∈ C∞(D) are such that (dfi)e = ξi. In other words, the linearization of the PL bracket
in terms of the local canonical coordinates ξi on the D group manifold is just γ∗, the dual of the
cocommutator map that defines the associated tangent Lie bialgebra structure.
4.3 Poisson–Lie groups as deformations of Lie–Poisson coalgebras
A novel construction of coalgebra deformations of Lie–Poisson algebras can be envisaged if Drinfel’d
theorem is revisited by taking the tangent Lie bialgebra (d, γ) as the initial data for the construction of
the associated PL group. Let us assume that we want to construct a Poisson coalgebra deformation of a
given Lie–Poisson algebra g∗. Then, we can proceed as follows:
1. Take the Lie algebra g, find a non–trivial Lie bialgebra structure (g, δ) and construct its dual Lie
bialgebra (d, γ). Now, recall that Drinfel’d theorem ensures that (d, γ) will be the tangent Lie
bialgebra structure of a certain Poisson–Lie group (D, {, }) such that d = Lie(D).
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2. Introduce the isomorphic Lie algebra dη (32) in order to have an explicit deformation parameter in
the tangent Lie bialgebra.
3. Construct the PL group (D, {, }), that will provide the deformation of the Poisson coalgebra
(F(g∗), {, }0,∆). In order to obtain it, we have firstly to find a faithful representation ρ of dη,
and use it to construct the matrix element of the (connected component) of the Lie group D
through the usual exponentiation:
D =
dim(d)∏
i=1
exp(xi ρ(xˆ
i)). (37)
4. With an abuse of notation, we will make use the same symbol xi for the coordinate functions on
g∗ and for the local coordinates of the D group in (37). In this way, the pullback of the group
multiplication will provide a coproduct map
∆η : F(D)→ F(D)⊗F(D), (38)
where, due to the coordinate identification that we have previously made, the coproduct ∆η is a η
deformation of the primitive one for (F(g∗), {, }0,∆), namely
lim
η→0
∆η(xi) = xi ⊗ 1 + 1⊗ xi = ∆(xi). (39)
Note that in the ‘non-deformed case’ η = 0 we have from (32) that the dual Lie algebra d is
[xi, xj ] = 0, and then the group D is abelian. Therefore, its group law is just the addition of group
coordinates, which is algebraically expressed through the primitive coproduct (39).
5. Therefore, by Drinfel’d theorem, there exists a unique Poisson bracket {, }η on F(D) and such that
(F(D),∆η, {, }η) is a Poisson–Lie group
∆η({F,G}) = {∆η(F ),∆η(G)}, ∀F,G ∈ F(G∗). (40)
It turns out that the Poisson bracket {, }η is also an η deformation of the Lie–Poisson bracket {, }
on g∗, in the sense that
lim
η→0
{xi, xj}η = {xi, xj}. (41)
Indeed, the Poisson–Lie bracket {, }η has to be explicitly found by solving simultaneously the
equations (40) and (41), but this problem turns out to be computationally feasible.
Due to the properties (39) and (41) we can conclude that, as a Poisson coalgebra, the Poisson–Lie
group (F(D),∆η, {, }η) is an η–deformation of the Lie–Poisson algebra (F(g∗), {, },∆). Indeed, there
will be as many Poisson-coalgebra deformations of g∗ as different PL groups D such that g∗ induces an
admissible tangent Lie bialgebra cocommutator γ for d = Lie(D).
5 An integrable deformation of the Ro¨ssler system
In the sequel we will make use of the fact that the integrable Ro¨ssler system is an outstanding example of
Lie–Poisson coalgebra-symmetric system. This will allow the construction of an η–deformed coproduct
map that will give rise to integrable coupled systems of ODEs of Ro¨ssler type.
Let us start by considering the real Lie algebra A4,3 in the basis given in [26] (note that this is exactly
the four dimensional algebra (14))
[X,Y ] = −W, [X,Z] = −Z, [Y,Z] = 0, [W, ·] = 0. (42)
8
It is straightforward to check that the following cocommutator map
δη(X) = η X ∧ Z, δη(Y ) = η Z ∧W, δη(Z) = δη(W ) = 0, (43)
is compatible with the Lie–Poisson algebra (14) in the sense of (28), and thus defines a Lie bialgebra
structure (A4,3, δη). The dual Lie algebra dη obtained from the dual cocommutator map is
[xˆ, yˆ] = 0, [xˆ, zˆ] = η xˆ, [xˆ, wˆ] = 0,
[yˆ, zˆ] = 0, [yˆ, wˆ] = 0, [zˆ, wˆ] = η yˆ. (44)
It can be checked that the dual Lie algebra (44) is also isomorphic to the A4,3 algebra. Therefore, we
have a self–dual Lie bialgebra structure.
Now we have to construct the Lie group D whose Lie algebra is dη. If we define the 7× 7 matrix eji
as the one with the only nonvanishing entry 1 in the i–th row and j–th column, a faithful representation
ρ of the algebra (44) is given by
ρ(xˆ) = η e31,
ρ(yˆ) = η e75,
ρ(zˆ) = −η e11 + η e42 + η e65, (45)
ρ(wˆ) = −η e32 + η e76.
By using ρ, we construct the matrix group element
D = exp(xρ(xˆ)) exp(yρ(yˆ)) exp(zρ(zˆ)) exp(wρ(wˆ)) =
=

e−ηz 0 ηx 0 0 0 0
0 1 −ηw ηz 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 ηz η(y + ηwz)
0 0 0 0 0 1 ηw
0 0 0 0 0 0 1

, (46)
where {x, y, z, w} are the local coordinate functions on the group D. At this point it is worth stressing
that the parameter η appears as as multiplicative factor within all the nonvanishing matrix entries of
the fundamental representation of the Lie algebra d (45). Therefore, when we exponentiate in order to
obtain the group element D, the powers of η will give us the corresponding contributions coming from
different powers of the Lie algebra generators.
By solving the functional equations ∆η(Dij) =
∑7
k=1Dik ⊗ Dkj through the algorithm presented
in [29], we get the group law, i.e., the coproduct maps for the coordinate functions of D, which read
∆η(x) = x⊗ 1 + e−ηz ⊗ x = x1 + e−ηz1x2,
∆η(y) = y ⊗ 1 + 1⊗ y − ηw ⊗ z = y1 + y2 − ηw1z2,
∆η(z) = z ⊗ 1 + 1⊗ z = z1 + z2, (47)
∆η(w) = w ⊗ 1 + 1⊗ w = w1 + w2,
that are indeed η-deformations of the primitive coproduct (16) such that limη→0 ∆η = ∆. Again, by
following the approach described in [29], the unique Poisson–Lie bracket { , }η for which the coproduct
∆η is a Poisson map is found to be
{x, y}η = −we−ηz, {x, z}η = e
−ηz − 1
η
, {y, z}η = 0, {w, ·}η = 0. (48)
As expected, limη→0{·, ·}η = {·, ·}0 and we have thus obtained a η–deformation of the Lie–Poisson algebra
(14). Finally, the Casimir functions for the algebra (48) are found to be
Wη = w, (49)
Cη = 1− exp(−ηz)
η
exp
(
− y
w
)
, (50)
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and, as expected, they are again η–deformations of the Casimir functions (15).
Therefore, the Poisson–Lie group (F(D),∆η, {, }η) has been fully constructed. Now, by taking the
same Hamiltonian (13) of the Ro¨ssler system, the PL bracket (48) gives rise to the system of ODEs
x˙ = −ywe−ηz +
(
e−ηz − 1
η
)
= −(wy + z) +
(
wyz +
z2
2
)
η −
(
1
2
wyz2 +
z3
6
)
η2 + o[η3],
y˙ = xwe−ηz = wx− (wxz)η +
(
1
2
wxz2
)
η2 + o[η3],
z˙ = x
(1− e−ηz)
η
= xz −
(
1
2
xz2
)
η +
(
1
6
xz3
)
η2 + o[η3],
w˙ = 0,
(51)
that, for w = 1, provides an integrable deformation of the Ro¨ssler system (11), with deformed integrals
of the motion given by (49) and (50). The preservation of the closed nature of the trajectories under
deformation is clearly appreciated in Figure 1.
y
x
z
(a)
y
x
z
(b)
Figure 1: (a) Closed trajectories of the integrable Ro¨ssler system (11) for the initial data x(0) = 1, y(0) = 2, z(0) = 3
(black line) and of the deformed integrable Ro¨ssler system (51) with the same initial data, w = 1 and η = −1.5 (blue
line), η = −0.5 (green line), η = 0.5 (red line), η = 1.5 (yellow line). (b) The same figure as (a) but with initial data
x(0) = 1, y(0) = −1, z(0) = 0.5.
5.1 Deformed coupled systems
Once the Poisson–Hopf algebra (F(D),∆η, {, }η) has been fully determined, the construction of an in-
tegrable deformation for the N–coupled system (23) is straightforward. Namely, in the N = 2 case the
deformed coproduct ∆η on the Hamiltonian of the Ro¨ssler system (13) will be
∆η(H) = 1
2
(
[∆η(x)]
2 + [∆η(y)]
2
)
+ ∆η(z), (52)
and from (47) we get
∆η(H) =
1
2
(
(x1 + e
−ηz1x2)2 + (y1 + y2 − ηw1z2)2
)
+ (z1 + z2)
= 12x
2
1 + x1x2e
−ηz1 +
1
2
(
e−2ηz1x22 + (y1 + y2)(y1 + y2 − 2ηw1z2) + η2w21z22
)
+ z1 + z2.
(53)
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This Hamiltonian gives rise to the following integrable deformation of the N = 2 coupled Ro¨ssler system
x˙1 = −x2(e−3ηz1 − e−2ηz1)(x1eηz1 + x2)−
−w1(y1 + y2 − ηw1z2)e−ηz1 +
(
e−ηz1 − 1
η
)
,
x˙2 = (w1 − (w1 + w2)e−ηz2)(y1 + y2 − ηw1z2) +
(
e−ηz2 − 1
η
)
,
y˙1 = w1e
−ηz1(x1 + x2e−ηz1),
y˙2 = w2e
−η(z1+z2)(x1 + e−ηz1x2), (54)
z˙1 =
(
1− e−ηz1
η
)
(x1 + x2e
−ηz1),
z˙2 =
(
1− e−ηz2
η
)
e−ηz1(x1 + x2e−ηz1).
The three integrals of the motion are given by the coproduct of the Casimir C
(2)
η
∆η(C
(2)
η ) =
[1− exp(−η(z1 + z2))]
η
exp
(
−y1 + y2 − ηw1z2
(w1 + w2)
)
, (55)
together with the ‘one–site’ deformed Casimirs
C(1)η =
1− exp(−ηz1)
η
exp
(
− y1
w1
)
, C(2)η =
1− exp(−ηz2)
η
exp
(
− y2
w2
)
. (56)
The generalization of this construction to an arbitrary number N of integrable coupled Ro¨ssler systems is
straightformard by making use of the N -th order coproduct map, that can be explicitly obtained through
the recurrence (8).
6 An integrable deformation of a conservative Lorenz system
The approach described above can be applied to any other Hamiltonian system of ODEs endowed with
Lie–Poisson symmetry. In particular, the celebrated Lorenz equations [15] are given by the system
x˙ = σ(y − x),
y˙ = ρx− xz − y,
z˙ = −βz + xy.
(57)
Here we will consider a conservative limit of (57) (see [30]), which is obtained through the following
rescaling
t→  t, x→ 1

x, y → 1
σ2
y, z → 1
σ2
z,  =
1√
σρ
, (58)
and by taking the limit ρ→∞. As a consequence of this transformation, the system (57) is mapped into
x˙ = y,
y˙ = x (1− z),
z˙ = x y,
(59)
which is a Hamiltonian system with respect to the Lie–Poisson algebra [30]
{x, y} = −1
2
(z + 1), {x, z} = y
2
, {y, z} = x, (60)
and provided that we have considered the Hamiltonian function
H = 2(z − 1)− x2. (61)
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In order to proceed in a similar way as for the Ro¨ssler system, let us consider the 4D Lie algebra
[X,Y ] = −1
2
(Z +W ), [X,Z] =
1
2
Y, [Y,Z] = X, [W, ·] = 0. (62)
This Lie algebra is isomorphic to the gl(2) ' sl(2, R) ⊕ R Lie algebra, where W is a central generator.
Obviously, the Lie–Poisson algebra g∗ arising from (62) is a generalization of the Poisson algebra (60)
through a new central coordinate function w
{x, y} = −1
2
(z + w), {x, z} = y
2
, {y, z} = x, {w, ·} = 0. (63)
Now, if we consider the Hamiltonian
H = 2(z − w)− x2, (64)
the equations of motion obtained through (63) are
x˙ = y,
y˙ = x (2− z − w),
z˙ = x y,
(65)
and we recover the conservative Lorenz equations when w = 1. Finally, the conserved quantities for the
system are given by the Casimir functions for (63), namely
C = −2x2 + y2 + z(z + 2w),
W = w. (66)
With this prerrequisites we can proceed with the formalism presented in Section 4. A cocommutator
map compatible with the Lie algebra (62) is found to be
δη(X) = η (X ∧ Z +X ∧W + 12 Y ∧W ),
δη(Y ) = η (X ∧W + Y ∧ Z + Y ∧W ),
δη(Z) = δη(W ) = 0.
(67)
The dual Lie algebra dη obtained from the dual cocommutator map δ
∗
η is given by
[xˆ, yˆ] = 0, [xˆ, zˆ] = η xˆ, [xˆ, wˆ] = η xˆ+ η yˆ,
[yˆ, zˆ] = η yˆ, [yˆ, wˆ] =
η
2
xˆ+ η yˆ, [zˆ, wˆ] = 0. (68)
This Lie algebra dη can be shown to be isomorphic to the direct sum of two copies of the two–dimensional
real Lie algebra [e0, e1] = e1. A four dimensional faithful representation ρ of dη is given by the matrices
ρ(xˆ) = η (e31 + e
4
1 + e
4
2),
ρ(yˆ) = η
(
1
2
e41 + e
3
2 + e
4
2
)
,
ρ(zˆ) = −η (e11 + e22), (69)
ρ(wˆ) = −η
(
e11 +
1
2
e21 + e
1
2 + e
2
2
)
.
By using ρ, we construct the matrix group element
D = exp(xρ(xˆ)) exp(yρ(yˆ)) exp(zρ(zˆ)) exp(wρ(wˆ)) =
=

1
2e
−
(
w(1+ 1√
2
)+z
)
η
(
1 + e
√
2wη
)
− 1
2
√
2
e
−
(
w(1+ 1√
2
)+z
)
η
(
−1 + e
√
2wη
)
η x η (x+ 12y)
− 1√
2
e
−
(
w(1+ 1√
2
)+z
)
η
(
−1 + e
√
2wη
)
1
2e
−
(
w(1+ 1√
2
)+z
)
η
(
1 + e
√
2wη
)
η y η (x+ y)
0 0 1 0
0 0 0 1
 .(70)
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As a consequence, the coproduct map arising from the group multiplication of two D matrices is found
to be
∆η(x) = x1 +
1
2
e−η (z1+w1)
[
2x2 cosh
(
η√
2
w1
)−√2y2 sinh ( η√2 w1)] ,
∆η(y) = y1 + e
−η (z1+w1) [y2 cosh ( η√2 w1)−√2x2 sinh ( η√2 w1)] ,
∆η(z) = z1 + z2,
∆η(w) = w1 + w2.
(71)
Now, by applying again the algorithmic procedure introduced in [29], we get the following unique
solution for the Poisson–Lie structure on the group D that has g∗ as its linearization and is compatible
with (71):
{x, y}η = −1 + e
−2η(w+z) − η2(y2 − 2x2)
4η
, {x, z}η = y
2
, {y, z}η = x, {w, ·}η = 0. (72)
This is indeed an η–deformation of the g∗ ' gl(2) Lie–Poisson algebra (63), which is recovered in the
η → 0 limit, and the (deformed) Casimir functions for the Poisson algebra (72) are found to be
Wη = w, Cη =
e−zη
(
1 + e2η(w+z)
[
1 +
(−2x2 + y2) η2]− 2ezη[1 + wη(1 + wη)])
η2
. (73)
Note that, as expected,
lim
η→0
Cη = −2x2 + y2 + z2 + 2zw = C. (74)
Therefore, an integrable deformation of the integrable Lorenz system (65) is obtained by considering
the same Hamiltonian (64) and the Poisson–Lie brackets (72), and reads
x˙ = y,
y˙ = x2
(
4 + 1η (e
−2η(z+w) − 1) + η (2x2 − y2)
)
= x (2− w − z) + x (x2 − 12 y2 + (w + z)2) η − 23x (w + z)3η2 + o[η3],
z˙ = x y,
(75)
where the only deformed equation occurs for the y variable, and the conserved quantities are given by
the Hamiltonian and the Casimir functions (73). Several periodic trajectories for this system are plotted
in Figure 2, and are compared with the underformed Lorenz ones.
6.1 Integrable coupled Lorenz system
The undeformed Lie–Poisson coalgebra (F(g∗), {, }0,∆) is again defined through the primitive coproduct
map (16). Therefore, the N = 2 coupled Lorenz Hamiltonian will be given by
∆(H) = 2(∆(z)−∆(w))− [∆(x)]2, (76)
where the coproduct ∆ is the undeformed one (16). The corresponding equations of motion read
x˙1 = y1,
y˙1 = 2x1 − (x1 + x2)(w1 + z1),
z˙1 = y1(x1 + x2),
x˙2 = y2,
y˙2 = 2x2 − (x1 + x2)(w2 + z2),
z˙2 = y2(x1 + x2),
(77)
together with w˙1 = w˙2 = 0 (see [31, 32, 33] for some instances of nonintegrable coupled Lorenz oscillators).
Again, three additional independent integrals of the motion in involution for this system are provided
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Figure 2: (a) The closed trajectories of the conservative Lorenz system (65) for the initial data x(0) = 1, y(0) = 2, z(0) = 3
(black line) and of the deformed conservative Lorenz system (75) with the same initial data, w = 1 and η = −0.1 (blue
line), η = −0.05 (green line), η = 0.05 (red line), η = 0.1 (yellow line). (b) The same figure as (a) but with initial data
x(0) = 1, y(0) = −1, z(0) = 0.5.
by the coalgebra symmetry: namely, the Casimir functions on each of the two copies of the Lie–Poisson
algebra
C1 = −2x21 + y21 + z1(z1 + 2w1), C2 = −2x22 + y22 + z2(z2 + 2w2), (78)
together with the coproduct of the Casimir C, which reads
∆(C) = −2(x1 + x2)2 + (y1 + y2)2 + (z1 + z2)(2(w1 + w2) + z1 + z2). (79)
The N–dimensional integrable generalization of this system arises from the N -th coproduct map ∆(N)
of the Hamiltonian, namely
H(N) := ∆(N)(H) = 2
(
N∑
i=1
zi −
N∑
i=1
wi
)
−
(
N∑
i=1
xi
)2
. (80)
In this way the following N -coupled Lorenz system is obtained as
x˙i = yi,
y˙i = 2xi − (zi + wi)
(
N∑
j=1
xj
)
, i = 1, . . . , N
z˙i = yi
N∑
j=1
xj ,
(81)
and the (2N − 1) integrals of the motion (in involution between themselves and with respect to the
Hamiltonian H(N)) are given by [8] the ‘one–site’ integrals
Ci = −2x2i + y2i + zi(zi + 2wi), i = 1, . . . , N (82)
together with the k–th order coproducts of the Casimir functions
C(k) := ∆(k)(C) = −2
 k∑
j=1
xj
2 +
 k∑
j=1
yj
2 +
 k∑
j=1
zj
 k∑
j=1
zj + 2
k∑
j=1
wj
 , k = 2, . . . , N. (83)
Note that the coupling between the 3D dynamical systems is induced by the non–linear x2 term in the
Hamiltonian.
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6.2 An integrable deformation
By following the very same approach as for the Ro¨ssler system, the deformed coproduct map ∆η (71)
acting on the Hamiltonian function (64) gives rise to
∆η(H) = 2(∆η(z)−∆η(w))− [∆η(x)]2, (84)
and by taking into account the explicit expressions for ∆η we get
∆(H) = 2(z1 + z2 − w1 − w2)−
[
x1 +
1
2
e−η (z1+w1)
(
2x2 cosh
(
η√
2
w1
)−√2 y2 sinh ( η√2w1))]2 . (85)
This Hamiltonian gives rise to the following (quite involved) deformation of the N = 2 coupled Lorenz
system
x˙1 = y1 + y1
η
4
e−2η(w1+z1)
[
(2x22 − y22) + 2x1eη(w1+z1)
(
2x2 cosh
(
η√
2
w1
)−√2y2 sinh ( η√2w1))]
+y1
η
4
e−2η(w1+z1)
[
(2x22 + y
2
2) cosh(
√
2 η w1)− 2
√
2x2 y2 sinh(
√
2 η w1)
]
,
y˙1 =
x1
2η
(−1 + η(4 + η(2x21 − y21)))
+
x1
2η
e−2η(w1+z1)
(
1 + η2(2x22 + y
2
2) cosh(
√
2w1η) + η
2(2x22 − y22 − 2
√
2x2y2 sinh(
√
2w1η))
)
+
1
4η
e−3η(w1+z1)
[(
2x2 cosh
(
η√
2
w1
)−√2y2 sinh ( η√2w1))(1 + e2η(w1+z1)(−1 + η2(6x21 − y21)))] ,
z˙1 = x1y1 +
1
2
y1e
−η(w1+z1)
(
2x2 cosh
(
η√
2
w1
)−√2y2 sinh ( η√2w1)) ,
x˙2 = y2 +
1
8η
e−2η(w1+w2+z1+z2)
(
1 + e2η(w2+z2)(−1 + η2(2x22 − y22))
)
× (86)
×
(
y2 − y2 cosh(
√
2w1η) + 2
√
2x1e
η(w1+z1) sinh
(
η√
2
w1
)
+
√
2x2 sinh(
√
2w1η)
)
,
y˙2 = 2x2 +
1
4η
e−2η(w1+w2+z1+z2) cosh
(
η√
2
w1
) (
1 + e2η(w2+z2)(−1 + η2(2x22 − y22))
)
×
×
(
2x1e
η(w1+z1) + 2x2 cosh
(
η√
2
w1
)−√2y2 sinh ( η√2w1)) ,
z˙2 = e
−2η(w1+z1)
(
x1y2e
η(w1+z1) cosh
(
η√
2
w1
)
+ x2y2 cosh(
√
2ηw1)
)
−
√
2
4
e−2η(w1+z1)
(
4x1x2e
η(w1+z1) sinh
(
η√
2
w1
)
+ (2x22 + y
2
2) sinh
(√
2w1η
))
.
By taking a power series expansion we get a first order deformation in η of the coupled Lorenz system (77)
given by
x˙1 = y1 + x2y1(x1 + x2)η + o[η
2],
y˙1 = 2x1 − (x1 + x1)(w1 + z1)
+
(
(w21 + z
2
1 + 2w1z1)(x1 + 2x2)−
y21
2
(x1 + x2) +
w1y2
2
(w1 + z1) + x1(x
2
1 + 3x1x2 + 2x
2
2)
)
η + o[η2],
z˙1 = y1(x1 + x2)− y1
2
(w1(2x2 + y2) + 2z1x2)η + o[η
2]
(87)
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x˙2 = y2 − 1
2
w1(x1 + x2)(w2 + z2)η + o[η
2],
y˙2 = (2x2 − (x1 + x2)(w2 + z2))
+
1
2
(
(x1 + x2)(2x
2
2 − y22 + 2(w2 + z2)2) + (w2 + z2)(2(x1 + 2x2)(w1 + z1) + w1y2)
)
η + o[η2],
z˙2 = y2(x1 + x2)− 1
2
(
2y2(w1 + z1)(x1 + 2x2) + w1y
2
2 + 2w1x2(x1 + x2)
)
η + o[η2].
(88)
Finally, the three integrals of the motion for (86) are given by the coproduct ∆η (71) of the Casimir
C
(2)
η given in (73), namely
∆η(C
(2)
η ) =
1
η2
e−η∆η(z)(1 + e2η(∆η(w)+∆η(z))
[
1 +
(−2[∆η(x)]2 + [∆η(y)]2) η2]−
−2eη∆η(z)[1 + η∆η(w)(1 + η∆η(w))]),
(89)
together with the ‘one–site’ deformed Casimirs
C(1)η = e
−z1η (1 + e2η(w1+z1) [1 + (−2x21 + y21) η2]− 2ez1η[1 + w1η(1 + w1η)])
η2
,
C(2)η = e
−z2η (1 + e2η(w2+z2) [1 + (−2x22 + y22) η2]− 2ez2η[1 + w2η(1 + w2η)])
η2
.
(90)
Of course, since
lim
η→0
{ξi,∆η(H)}η = {ξi,∆(H)}, ξi = {xi, yi, zi}, (91)
all these expressions define an integrable η-deformation of the N = 2 coupled Lorenz system, and the
generalization for arbitrary N can be straightforwardly obtained through the N -th coproduct map that
arises from (71) and from the recurrence (8).
7 Concluding remarks
In this paper we have established a novel (and somehow unexpected) link between the theory of PL groups
and the integrability problems for (coupled) ODEs. In fact, since Poisson–Lie groups can be thought of
as deformations of Lie–Poisson coalgebras, this property can be used in order to construct integrable
deformations of (coupled) systems of ODEs endowed with a Lie–Poisson Hamiltonian structure. The
applicability of this statement is based on the fact that the explicit construction of the PL groups that
deform a given Lie–Poisson algebra can be systematically obtained through the exponentiation of the
associated Lie bialgebra structures (therefore, by making use of the Poisson version of the well–known
‘quantum duality principle’ for quantum groups [17, 34]).
One of the main advantages of the approach here presented relies on its algorithmic nature, that makes
it amenable to be computerized in a nearly complete way (see [29]). In order to illustrate the method, in
this paper we have worked out two specific integrable deformations of (coupled and uncoupled) Ro¨ssler
and Lorenz systems. It is important to emphasize that other integrable deformations for these systems do
exist. In fact, there will be as many of them as the number of possible Lie bialgebra structures associated
to the initial Lie–Poisson algebra that provides the Hamiltonian structure for the undeformed dynamical
system (namely, the A4,3 algebra (42) for the Ro¨sler system and the gl(2) algebra (62) for the Lorenz
one).
Indeed, the very same approach can be applied to many other Hamiltonian systems of ODEs. More-
over, there also exists the possibility of generalizing this method in order to consider integrable systems
with more than one Hamiltonian, either by deforming bihamiltonian Poisson pencils or by using the loop
coproduct approach introduced in [35, 36]. Finally it is worth mentioning that the analytic solution of
coupled integrable systems with coalgebra symmetry is facilitated by the use of the so called ‘cluster’
variables (see [9]), and this fact could shed some light on the dynamical significance of the Ro¨ssler and
Lorenz couplings here obtained. Work on all these lines is in progress and will be presented elsewhere.
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